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Endurance Increase by Cyclic Control

Gottfried Sachs* and Theodoros Christodoulout
Technical University of Munich, Munich, Federal Republic of Germany

Applying the minimum principle, maximum endurance flight is considered as an optimal cyclic control prob-
lem with a stdte variable constraint. It is shown that a significant increase in the maximum endurance can be
achieved by dynamic flight having an optimal cyclic contro!l when compared to the best steady-state flight. The
optimal altitude range within the flight envelope is determined. Furthermore, it is shown that the powerplant
type represents a key factor when compared to other aircraft characteristics. From this, it follows that turbojet-
type engines have properties that can increase endurance via cyclic control. With regard to propeller-type
powerplants, however, there appear to be no or only small improvements possible for the cyclic model con-
sidered here. It is also shown that an increase in the maximum lift/drag ratio improves the cyclic control effi-
ciency, which is more enhanced than steady-state flight efficiency.

Nomenclature
Cp =drag coefficient
C, =lift coefficient
=drag
= energy

=function denoting constraint
=acceleration due to gravity
= Hamiltonian
= altitude
=performance criterion
=lift-dependent drag factor, Cp =Cp, +KC}
=lift
=mass
=exponent of thrust speed dependence, T~ V"V
=reference area
=thrust
=time
=speed
=flight path angle
=throttle setting
v = Lagrange multipliers
=atmospheric density
=specific fuel consumption
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Introduction

) ECENTLY the application of cyclic control to aircraft
cruise has become of great interest for improving fuel
economy, since this type of cruise may offer possible ways of
reducing fuel consumption in a given range.!"1? In Refs. 1-12 it
is shown that steady-state cruise is not generally optimal, but
improvements may be achieved by nonsteady cruise with a
cyclic control of thrust and lift. These papers deal with the
range of the aircraft and its possibe increase by cyclic control.
This paper is concerned with the endurance of the aircraft.f It
is shown that a dynamic type of endurance flight with optimal
cycle control can significantly increase maximum endurance
when compared with the best values for steady-state flight.
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tAfter this paper was written, Ref. 18 dealing with range and en-
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Problem Formulation

The problem is to find periodic flight paths where the max-
imum endurance time per fuel consumed is greater than that
for the best steady-state endurance flight. This is the
equivalent of the periodic control problem involving the
minimization of the following performance criterion:

t
J= -9 1
mf(tcyc) ( )

which represents the ratio of endurance time to fuel consump-

tion. The performance criterion is subject to the dynamic
system

V=T/m—D/m—gsiny
¥=(L/m—gcosy)/V
h=Vsiny
thy=oT | ®
The mass of the airplane can be considered constant, since the
fuel consumed in one cycle is small when compared with the
total of the mass, i.e.,
My (teye) —my0)<m ®

The periodicity of the flight path implies the following bound-
ary conditions:

V0)=V(tee), 1Oy =7(le) RO)=h(l) @
The initial condition ‘for fuel consumption at #=0 is given by
my0)=0 &)

The thrust, lift, and drag force models are
T=58T  (V,h), L=C.(p/2)V2S, D=Cp(p/2)V?S (6)

where ‘

Cp=Cp, + K 3 )
’I“he atmospheric model used for air density p and the thrust

dependence on altitude is based on the ICAO standard
atmosphere.!?
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The contro! variables are the lift coefficient and throttle set-
ting, subject to the following inequality constraints:
Cr

L=CL=Cp O0<é=1 ®)

m max ’

The specific fuel consumption is assumed to be a function of
speed (or Mach number),

o=a(¥V) ®

The periodic control problem can now be stated as that of
finding the control histories C; and 8, the initial states [ 1(0),
¥(0), #(0)], and the periodic cycle time f,, that minimize the
performance criterion J= —{../ms(f,.) subject to the
dynamic system described by Eq. (2), the boundary conditions
given by Egs. (4) and (5), and the inequality constraints of Eq.
(8) for the control variables.

Optimality Conditions
The first order necessary conditions for optimality can be
determined by applying the minimum principle. For this pur-
pose, the Hamiltonian is defined as
H=\,(T/m—D/m—gsiny) + \, (L/m—gcosy)/V
+\, Vsin7+)\mfaT ‘ -0
where the Lagrange multipliers A7= (AN, N;N,,,) have

been adjoined to the dynamic system of Eq. (2). The Lagrange
multipliers are determined by$§

Ny=N(Dy~Ty)/m+\,(L/m—VLy/m—gcosy)/V?
—)\hsin’y—-)\mf (UVT+ UTV)

N, =Aygeosy — N, gsiny/V =\, Veosy

M =Ny (Dy=Ty)/m=N,Ly/ (mV) =Ny 0T,

Ky =0 an

with boundary conditions
)\V(0)=)‘V(tcyc): )\7(0)=)‘-y(tcyc)9
)\h(o)z)\h(tcyc)’ )\mf(tcyc) =tcyc/’nj%(tcyc) (12)

- The optimal controls C, and 6 are such that A is minimized.
For this reason, C; is determined either by (from HCL =0)

1 A
Cp=nr 2 13
T (13)

or by the constraining bounds of Eq. (8). With regard to the
throttle setting profile, 6 can be considered to be of a bang-
bang type since H is linear in §. Thus,

0=0 if H;>0 6=1 if H;<0 (14)

There may be a singular arc where the throttle setting takes on
intermediate values, if H;=0 for a finite interval of time.
However, this case was not observed in the numerical
investigation.

Since the dynamic system described by Eq. (2) is
autonomous, the Hamiltonian H is constant. For the case con-
sidered (i.e., free final time f), it is given by

H=1/ms(t.) 15)

* §Partial derivatives of D,H,L,T and o are denoted by subscripts,
e.g., Dy=9aD/3V.
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Optimal Flight Paths with Altitude Constraints

In the numerical investigation, it was observed that the
lower end of the optimal altitude range tended toward a value
as small as possible. Therefore, it was necessary to introduce a
lower bound for the admissible altitude range and to consider
cyclic endurance flight as an periodic optimization problem
with a state variable constraint 4= A, . This case results in the
additional conditions presented in the following paragraphs,
based on Ref. 14. )

Basically, two possibilities exist in regard to the constraint
under consideration. One is characterized by the fact that the
optimal flight path touches the constraint altitude boundary at
only one point. The other possibility corresponds to a finite
time for which the optimal flight path stays on the constraint
boundary. Both possibililties have been observed in the
numerical investigation, so that the additional conditions for
each of them are presented in the following.

The altitude constraint can be formulated as

Gh)y=hy,—h=0 (16)
Since

GO (V,y) = — Vsiny (17a)
T D
GOV, v, mT,C )=~ <——————gsin'y) siny
m m
L
- (71-) cosy + gcos?y (17b)

the state variable constraint is of second order.
In regard to the first possibility, Eqgs. (16) and (17a) yield the
following conditions:

h(t;)=hy, and y(£)=0 (18)

where ¢, denotes the time where the flight path touches the
constraint altitude. At this point, A, shows a discontinuous
change. Denoting by #; the time just before the point under
consideration and by #{ immediately after, the following rela-
tion holds:

M) =N (87 ) =g 19
where v, <0.
The other possibility mentioned shows a constrained arc

where the optimal flight path stays on the altitude boundary.
On the constrained arc, the Hamiltonian is changed to

H—~H-p()G® (Vv T,C,) 209)

Consequently, the following relations for the Lagrange
multipliers exist:

. oH a
-— P aee)
A= ==y TROZEGS
. dH ]
= ——— 4 p(t)—G®
A, 3 +au( )37
. oH ad :
== OG0 @n

The equation for A, . remains unchanged since G is indepen-
dent of m;.

The relation for u(z) on the constrained arc is (from
H¢, =0.and y=0)

aCp N,
= ——L 22
n(t) )\V—ZE v (22)
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On the unconstrained arc, u(¢) =0.
In regard to the optimal controls on the constrained arc, Eq.
(17b) yields the following relation for C; (G =0 with y =0):
C, =2mg/(pV?S) 23)
This represents the lift equation L=mg for accelerated or
decelerated horizontal flight. For 6 as the other control
variable, no contribution due to Eq. (17b) exists since y=0.

In regard to the entry point #; of the constrained arc, Eqs.
(16) and (17) yield the the following conditions:

L A, 2mg
h(t)) =hgm, v(2)=0, KNV o178 249
Some of the Lagrange multipliers show discontinuous changes
at the entry point, Denoting by ¢; the time just before the en-
-try point and by ¢ immediately after, the following condi-
tions hold (with », and », representing two additional
unknowns):

N () =M (17 ) =g

A ) =N () =V 25)
Ay and A, are continuous at the entry point.
In the humerical investigation, an optimization program

_ based on the method of muitiple shooting was applied.!*16

Basic Characteristics of Dynamic Endurance Flight
with Optimal Cyclic Control

In Fig. 1, an optimal cycle for endurance maximization is
shown in order to illustrate the basic characteristics of
dynamic endurance flight. As indicated in this figure, an op-
timal cycle may be decomposed into two phases that can be
characterized by the thrust behavior. In the first phase, the
thrust is at its maximum, which (due to T,,, > D) results in an
increase of the energy state of the aircraft. The second phase
shows the thrust at its minimum (in the case considered here,
T=0), where the energy added in the phase before is used to
gain as much endurance as possible. Corresponding to the
thrust behavior, the speed level in phase 1 is high compared to
phase 2 and the altitude indicating the potential energy level
shows an increase in phase 1 and a decrease in phase 2. The
behavior just described can be used to give a physical insight
into the reasons why dynamic endurance flight with optimal
cyclic control offers an advantage. This is illustrated in Fig. 2,
which shows the rate of specific energy added to the-aircraft
per fuel consumed, as

Fua _ TV/m
mf(tcyc) mf(tcyc)

(26)

where m(,,) represents the fuel used in one cycle. Due to
the high speed level in phase 1, it is possible to reach high
values in the energy rate per fuel consumed. This means a fuel
utilization significantly better than that for the best steady-
state flight, which is also shown in Fig. 2.

With regard to the rate of energy subtracted from the air-
craft due to drag work

Eow=DV/m Q7

Figure 3 shows that the drag work in phase 1 is increased as
compared to steady-state flight. However, this effect is more
than offset by the improved fuel utilization described above.

Powerplant Effects

The powerplant type must be considered to be a key factor
in whether or not cyclic flight can provide an improvement in
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fuel efficiency. This is illustrated by a comparison of Fig. 4
and Fig. 1. Figure 1 illustrates the effects of a turbojet-type
powerplant where the maximum thrust can be considered to be
approximately constant as far as the speed changes during a
cycle are concerned. The propulsion system applied in the ex-
ample of Fig. 4 represents a propeller-type powerplant, which
shows a decrease in the maximum thrust with speed. The

PHASE 1
—1 l iL‘ PHASE 2
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Fig. 1 Optimal cycle of dynamic endurance flight {(7,,,,)-¢=0.5
mg, 7y =0, t,. =11.87 min] showing 63.5% endurance increase com-
pared to the best steady-state flight. .
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Fig. 2 Rate of energy added per fuel consumed for optimal cyclic

and steady-state endurance flight, (7,,,,); - =0.5 mg.
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Fig. 3 Rate of energy subtracted for optimal cyclic and steady-state
endurance flight. .
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Fig. 4 Optimal cycle of dynamic endurance flight for a propeller-
type powerplant (n, = —0.85, #,,. =2.73 min) showing endurance in-
crease of 0.46%.
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Fig. 5 Effect of maximum thrust/weight ratio on endurance

increase.

thrust behaviof is approximated by
Tmax =(V/ Viet)"V Trer (n) (28)

where the subscript “‘ref”’ denotes a reference value suitably
chosen and n, is used to characterize the powerplant type. The
following values can be considered as typical'’: n, =~ 0 for tur-
bojets, n,=~—0.25 for turbofans, and n,=-1.0 for
propeller-type powerplants. (In the latter situation, the pro-
pulsive power TV is constant.) According to the relation for
the thrust behavior, specific fuel consumption is approx-
imated by

0=0,;/ V'V (29)

When compared with Fig. 1, Fig. 4 shows that the oscillatory
character of the state variables in terms of the maximum
amplitudes is significantly reduced, in particular with regard
to speed. Accordingly, the improvement made possible by
cyclic control is also reduced. As a result, powerplants having
propellers (with T'~1/V) have properties such that an en-
durance increase via the cyclic control modeled here does not
appear to be possible.
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Fig. 6 Effect of maximum lift/drag ratio on optimal endurance
flight. The 15% increase of (L/D),,,, compared to Fig. 1 yields 21.6%

endurance increase of cyclic flight and 15.0% endurance increase of
steady-state flight.
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Fig. 7 Effect of maximwm lift/drag ratio on optimal endurance
flight. The 15% decrease of (L/D),, compared to Fig. 1 yields
20.1% endurance decrease of cycli¢ flight and 15.0% endurance
decrease of steady-state flight.

For those powerplant types where cyclic control provides an
improvement, the increase in maximum endurance is strongly
dependent on the thrust level available. This is illustrated in
Fig. 5, which shows the endurance time ratio #.,./¢, of op-
timal cyclic and steady-state flight as a function of maximum
thrust/weight ratio (at 2=0), with the same amount of fuel
assumed to be consumed in each case. From the results shown,
it follows that the endurance increase can be substantially im-
proved when more thrust is available. It also follows from Fig.
5 that there are already pronounced gains even for small thrust
levels.

Another significant influence is due to the maximum
lift/drag ratio (L/D) ., since this quantity contributes to the
maximum-thrust/minimum-drag ratio. Examples are
presented in Figs. 6 and 7 where the maximum lift/drag ratio
has been varied. Comparison with the results for the reference
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Fig. 8 Effect of an altitude constraint (h=hy,,) on optimal cyclic
endurance flight (state variables).

Table 1 Effect of altitude constraint
on endurance increase

Endurance Cycle

Ain> km increase, % time, min
0 63.5 11.87
2.5 51.4 10.14
5.0 40.2 8.51

value of (L/D) ., used in Fig. 1 shows that an increase in the
maximum lift/drag ratio improves the efficiency of cyclic con-
trol. It is interesting to note that this efficiency improvement is
greater than in the case of steady-state flight, which also gains
an advantage from an increase in (L/D) .

Altitude Effects

In the results presented so far, an altitude. constraint
h=hg;, had to be accounted for. For the aircraft model con-
sidered here this indicates that there is a tendency for the op-
timal altitude range to be as low as possible. In the following,
it is shown how altitude affects maximum endurance and the
optimal cycle when the altitude constraint #,;  is changed. The
altitude effects are of particular interest, since they show
where the absolutely best value of maximum endurance is
possible within the flight envelope of the aircraft and how this
compares with greatest endurance achievable with steady-state
flight.

An example is presented in Fig. 8, which shows the optimal
histories of the state variables # and V for different values of
the altitude constraint 4. Endurance improvement is
significantly reduced when the aircraft is forced to fly at a
higher altitude range due to an increase of &, yielding the
results presented in Table 1. The speed level is higher due to
the density decrease. In regard to the control variables shown
in Fig. 9, the thrust phase is increased relative to the gliding
phase since the maximum thrust available decreases with
altitude. The optimal lift coefficient shows changes mainly
related to the thrust phase.
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Fig. 9 Effect of an altitude constraint (A= h,;,) on optimal cyclic
endurance flight (control variables).

From the examples presented in Figs. 8 and 9 it follows that
cyclic endurance flight yields the best values within the flight
envelopes of the aircraft investigated. In the cases considered,
cyclic flight should be performed at an altitude range of which
the lower bound is given by 2=0.

Conclusions

In this paper, maximum endurance flight is considered as an
optimal cyclic control problem with a state variable constraint
given by a lower bound of the altitude. It is shown that the
maximum endurance can be significantly increased by a
dynamic type of endurance flight with an optimal cyclic con-
trol when compared with the best steady-state flight.

In regard to basic characteristics of optimal cyclic en-
durance flight, a cycle may be decomposed into two phases, of
which one is a maximum-thrust increasing-energy condition
and the other a zero-thrust decreasing-energy condition. It is
shown that a better utilization of energy per fuel consumed is
provided by cyclic control than in the case of steady-state
flight. Furthermore, it is shown that the powerplant type
represents a key factor when compared with other aircraft
characteristics. From this it follows that turbojet-type engines
have properties that allow optimal cyclic flight to increase the '
maximum endurance. With regard to propeller-type

- powerplants, however, no or only small improvements appear

to be possible for the cyclic model considered here.

For those powerplant systems where cyclic control offers an
advantage, the improvements achievable increase when more
thrust is available, i.e., when the thrust/weight ratio is in-
creased. In addition, it is shown that a better maximum
lift/drag ratio also improves cyclic endurance flight efficiency,
which is enhanced more than in the case of steady-state flight.

In regard to altitude effects, it is shown that, for the aircraft
model considered, cyclic control yields its maximum en-
durance at an altitude range in which the lower bound is given
by h=0. This represents the best endurance achievable within
the flight envelope.
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